We formulate the super Nambu-Poisson algebra over a super manifold. The super Nambu bracket breaks the skew-symmetry in part. Some examples of the super NambuHamilton system are given. We show that the divergence of super Nambu-Hamilton fields lead to a generalization of the Batallin-Vilkovski algebra. * )
§1. Introduction
The Nambu-Hamilton (NH) system is a generalization of a Hamilton system that was introduced by Nambu.
1) The properties have been studied by many authors. 2) In order to consider a NH system with fermions, we must extend the Nambu bracket to a super one (SNB). However, we find immediately that the SNB have some strange properties. For example, it breaks the skew-symmetry in part. Some authors refer to a relations between a Nambu-Poisson algebra and a L ∞ algebra, or a Batalin-Vilkoviski (BV) algebra. 5) To see the relations, we should extend the algebra to the Z 2 -graded one, too. In this paper, we formulate the super Nambu-Poisson algebra on a super manifold, and give some simple examples of the super NH system. We shall see that the divergence of the NH vector fields leads to a generalization of the BV algebra. Throughout this paper, ∂ l /∂x (resp. ∂ r /∂x) denotes a left (resp. right) derivative, and |f | = 0, 1 denotes a degree of f modulo 2. §2. Super Nambu-Poisson algebra
As a bosonic Nambu bracket, we give the SNB by a extension of symplectic geometry over a super manifold. The simplest example of a SNB is the canonical one over R n|m with the coordinate (x i , θ j ) and the "symplectic" (n+m)-form ω (n+m) = dx 1 ∧· · ·∧dx n ∧dθ 1 ∧· · ·∧dθ m .
For n = 2 and m = 1, the canonical SNB is given by
whose degree is odd ǫ = |ω (3) | = 1, Note that the super Jacobian is, of course, not a SNB differently to the bosonic case, since ω (n) cannot be the volume form over a super manifold.
Super Nambu-Poisson Manifold
We shall define the even and odd super Nambu-Poisson algebra over a super manifold M. First, we determine the degree of a NH vector field X f 1 ,··· ,f n−1 . Let ω (n) be a symplectic n-form, and ǫ be its degree. the NH vector field is defined by
where denotes a interior product, and the SNB is defined by
By above equations, the degree is given by
Here, we try to characterize a SNB without the ω (n) , but with the fixed degree ǫ.
(i) The SNB is skew-symmetric by the RHS of (2.2),
for i = 2, · · · , n − 1, but this is not correct for i = 1. For example, for n = 2 and i = 1, the property (2.4) contradict that of a odd Poisson bracket. Furthermore, the CSNB (2.1) over
Thus, the first element f 1 in the SNB is a special one, and we dose not impose the skew-symmetry on it.
(ii) The Leibniz rule is followed by that of
By equation (2.2), we obtain
Note that, owing to the RHS of (2.2), a SNB satisfies a Z 2 -graded cyclic cocycle-like property,
for any fixed f . This property is a necessary condition of the Leibniz rule (2.6).
(iii) The fundamental identity (FI) is generalized as
The degree of the last term has the different form from the others.
Following above arguments, we define the super Nambu-Poisson manifold as follows.
Definition the super Nambu-Poisson manifold is a super manifold M with the super Nambu-
, that satisfies (i) the skewsymmetry (2.4), (ii) the Leibniz rule (2.5), (2.6), and (iii) the fundamental identity (2.8).
We call the algebra (A, {, · · · , }) a super Nambu-Poisson algebra. 2
Remarks (1) The order n of a SNB needs not n ≤ dim M. (2) In the bosonic case, the n − p order bracket defined by
Nambu bracket. For a SNB, it is not true, since a bracket {, · · · , } ′ does not satisfies the FI by {f, f, · · · } = 0 in general.
Decomposition of Super Nambu bracket
The lack of the skew symmetry of a SNB suggests the decomposition of a SNB, and it agrees with the case of the bosonic canonical Nambu bracket.
3) In fact, the theorem 1 in
Ref.
3) is generalized to a SNB as follows.
Theorem 1 Let g be a super Lie algebra with a degree ǫ. Let , · · · , be a degree 0 polylinear map
assume that this map satisfies equation
Then, the degree ǫ bracket {a 1 , a 2 · · · , a n } := [a 1 , a 2 , · · · , a n ] is a polylinear map g ⊗n −→ g that satisfies the skew-symmetry (2.4), and the fundamental identity (2.8). 2
We can easily prove them by equation (2.9) and the Jacobi identity of [, ] . Note that the set of all the linear combinations of elements a 1 , · · · , a n−1 is a Lie sub-algebra of g.
Remarks Equation (2.7) and the Leibniz rule (2.5) suggests that we extend g to a Poisson algebra and impose equation,
In fact, in the bosonic canonical Nambu bracket, 3) the Lie bracket correspond to the Poisson (Dirac) bracket, and the map , · · · , to the cyclic cocycle τ on C ∞ (T n−2 ). §3. Examples of Super Nambu-Hamilton system
The super Nambu-Hamilton(NH) system is a dynamical system with Hamiltonians {h i } whose evolution equation is given by
where
We show some examples of each an even and odd NH system. The simplest example of an odd NH system is the Hamilton system of one real fermion ψ that has a symplectic form ω = i 2 dψ ∧ dψ. If we define the odd symplectic 3-form
dψ ∧ dψ ∧ dψ, and its SNB is
This SNB is reduced to the usual Poisson bracket, {f, ψ, g} = {f, g} P . We give one more simple example that is the Hamilton system with N bosons and N real fermions (x j , ψ j ), and the symplectic structure ω = N j=1 (dx j ∧ dp j + i 2 dψ j ∧ dψ j ). We define the odd 3-form on the phase space R 2N |N ,
This closed 3-form is non-degenerate, and its SNB is given by
where {, , } (x j ,p j ) is the canonical SNB (2.1) with (x 1 , x 2 , ψ) = (x j , p j , ψ j ) and {, , } ψ j is the SNB (3.2) with ψ j = ψ. This SNB reduced to the usual Poisson bracket, {f, ψ, h} = {f, g} P .
Here, We obtain the "Nambu-Heisenberg" algebra,
To give an actual example, we consider the SUSY Hamilton system with the Lagrangian L = j ( We can obtain examples of an even NH system by the same way. We consider the Hamilton system with N real bosons and N complex fermions that has a symplectic form ω = N j=1 (dx j ∧ dp j + i 2 
Thus, usual Hamiltonian systems with fermions often have a super NH structure. On the other hand, we have had no example that is not a Hamiltonian system, like Euler's tops 1) in the bosonic case. §4. Generalization of Batalin-Vilkoviski algebra
Over an odd symplectic manifold M with the coordinate {z i }, the Hamilton vector fields need not be divergence-less, and the divergence play an important role in the geometric realization of the BV quantization.
5) The volume element µ on M is specified by the density function ρ(z). The divergence of the Hamilton vector field
and, the antibracket satisfies,
The divergence is a derivation for the antibracket,
In the BV quantization, we impose the nilpotency condition ∆ 2 = 0 that gives the condition of ρ.
On the super Nambu-Poisson manifold with the volume element µ, the NH vector fields needs not divergence-less over an even and an odd Nambu-Poisson manifold. We can define the divergence of a NH vector field same as (4.1),
The divergence is skew-symmetric ∆(· · · , f, g, · · · ) = −(−) |f ||g| ∆(· · · , g, f, · · · ) and the degree is ǫ. For example, over R d|2d with the coordinate (x j , θ j , η j ), ρ = 1 and an even sym-
Here, we investigate the general properties of the divergence. By the Leibniz rule (2.6), the NH vector fields satisfies 6) where |F | = n−1 i=2 |f i |, and Xf means (Xf )(g) = (dg)(X) · f . Taking a divergence on the both sides of (4.6), and using equation i
This is a generalization of (4.2). The resemble equation appears in Ref. 8) , as a generalization of a BV algebra. In contrary to the case n = 2, we cannot define a SNB by ∆, because of the non-skew-symmetry of the SNB. By the FI (2.8), the NH vector field satisfies
. Taking the divergence on the both sides of (4.8), we obtain
where |G| = n−1 i=1 |g i |. This is a generalization of (4.2). The generalization of the nilpotency of ∆ would be most important. However, for examples, the divergence (4.5) on R 1|2 is not nilpotent as a bi-differential operator, and a co-derivation, too. Note that, if a SNB is given by the Lie (or Poisson) bracket and the map , · · · , of the theorem 1., we obtain the relations between the ∆ and them. This generalized BV algebra would be useful for the quantization of a NH system by the BV method, and the quantization of extended objects. §5. Discussion
In this paper, we define the super Nambu-Poisson algebra, and give some examples of the super NH system. We comment on the canonical quantization of the SNB. The quantization of the super NH system has the same difficulties of the bosonic one. 1), 2) To make matters worse, we cannot even define the triple brackets 1) for the SNB, because of the non-skewsymmetry. This fact suggests that we should construct the represantaion of the algebra (g, · · · , ) in the theorem 1, instead of that of the super Nambu-Poisson algebra itself.
